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Abstract
Geometrical applications of the non-compact form of Cartan’s exceptional Lie group G(2) is considered.
This group generates specific rotations of 7-dimensional Minkowski-like space with three extra time-like
coordinates and in some limiting cases imitates standard Poincare transformations. In this model space-
time translations are non-commutative and are represented by the rotations towards the extra time-like
coordinates. The second order Casimir element of non-compact G(2) and its expression by the Casimir
operators of the Lorentz and Poincare groups are found.
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In our previous papers geometrical applications of split octonions over the field of real numbers was
considered [1–5]. Space-time symmetries in this model are represented by the 14-parameter automorphism
group of split octonions, GNC
2
. Generators of GNC
2
were first provided by E´lie Cartan in the following
form [6]:
Ykk = −zk
∂
∂zk
+ yk
∂
∂yk
+
1
3
∑
i
(
zi
∂
∂zi
− yi
∂
∂yi
)
,
Yk0 = −2t
∂
∂zk
+ yk
∂
∂t
+
1
2
∑
i,j
ǫijk
(
zi
∂
∂yj
− zj
∂
∂yi
)
,
Y0k = −2t
∂
∂yk
+ zk
∂
∂t
+
1
2
∑
i,j
ǫijk
(
yi
∂
∂zj
− yj
∂
∂zi
)
,
Yij = −zj
∂
∂zi
+ yi
∂
∂yj
. (i, j, k = 1, 2, 3)
(1)
Due to the constraint,
Y11 + Y22 + Y33 = 0 , (2)
only 14 of 15 operators (1) are linearly independent.
One can write the generators (1) as the 7× 7-matrices,
A(α) 2d B(b)−bT 0 −dT
B(d) 2b −AT (α)

 = α0kY 0k + αk0Y k0 + αijY ij , (3)
which act on a 7 dimensional vector
p =

ykt
zk

 . (k = 1, 2, 3) (4)
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In (3) αµν (µ, ν = 0, 1, 2, 3) are group parameters, the quantities b and d denote column vectors,
b =
(
α10 α20 α30
)T
, d =
(
α01 α02 α03
)T
, (5)
the 3× 3-matrix A is a SU(3) group generator,
A(α) =
1
3

−2α11 + α22 + α33 −3α21 −3α31−3α12 α11 − 2α22 + α33 −3α32
−3α13 −3α23 α11 + α22 − 2α33

 , (6)
and the two 3× 3-matrices B are SO(3) generators,
B(b) =

 0 α30 −α20−α30 0 α10
α20 −α10 0

 , B(d) =

 0 α03 −α02−α03 0 α01
α02 −α01 0

 . (7)
In the representation (1) the invariant quadratic form, which is conserved under the GNC
2
transformations
has the form:
pTg p = t2 + zky
k , (8)
where
g =
1
2

0 0 10 2 0
1 0 0

 , (9)
is the 7× 7 metric tensor and 1 denotes the 3× 3 identity matrix.
We want to give geometrical interpretation to the invariant quadratic form of the GNC
2
group and it
is convenient to transform (8) in the Minkowski-like diagonal form. For this purpose let us perform the
similarity transformation of the generators (3),
X = ΩY Ω−1 , (10)
where
Ω =
1
2

1 0 10 2 0
1 0 −1

 . (11)
This transforms the 7-vector (4) as Ωp = q, i.e.
ykt
zk

 Ω−→

12(yk + zk)t
1
2
(yk − zk)

 def=

λkt
xk

 = q . (k = 1, 2, 3) (12)
Cartan’s coordinates yk and zk and their differential operators have following expressions in terms of the
new coordinates xk and λk,
yk = λk + xk ,
∂
∂yk
=
1
2
(
∂
∂λk
+
∂
∂xk
)
,
zk = λk − xk ,
∂
∂zk
=
1
2
(
∂
∂λk
−
∂
∂xk
)
,
(13)
and the invariant quadratic form (8) obtains the form:
pTg p = qTg q = λ2 + t2 − x2 , (14)
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where
g = Ω−1gΩ−1 = diag(1, 1, 1, 1,−1,−1,−1︸ ︷︷ ︸
Minkowski metric
) (15)
is the metric tensor in our representation and
λ2 =
∑
k
λkλ
k , x2 =
∑
k
xkx
k . (16)
We want to associate t and xk with the coordinates of ordinary Minkowski space-time, while λk may corre-
spond to some extra time-like dimensions.
Let us also write out Cartan’s operators (1) in new coordinates,
Xkk =
(
xk
∂
∂λk
+ λk
∂
∂xk
)
−
1
3
∑
i
(
xi
∂
∂λi
+ λi
∂
∂xi
)
, (i, j, k = 1, 2, 3)
Xk0 =
(
λk
∂
∂t
− t
∂
∂λk
)
+
(
xk
∂
∂t
+ t
∂
∂xk
)
+
1
2
∑
i,j
ǫijk
(
λi − xi
)( ∂
∂λj
+
∂
∂xj
)
,
X0k =
(
λk
∂
∂t
− t
∂
∂λk
)
−
(
xk
∂
∂t
+ t
∂
∂xk
)
+
1
2
∑
i,j
ǫijk
(
λi + xi
)( ∂
∂λj
−
∂
∂xj
)
,
Xij =
1
2
(λi + xi)
(
∂
∂λj
+
∂
∂xj
)
−
1
2
(λj − xj)
(
∂
∂λi
−
∂
∂xi
)
,
(17)
and for the convenience introduce the five classes of GNC
2
generators,
Θk = X0k −Xk0 = −2
(
xk
∂
∂t
+ t
∂
∂xk
)
−
∑
i,j
ǫijk
(
λi
∂
∂xj
− xj
∂
∂λi
)
,
Bk = −X0k −Xk0 = −2
(
λk
∂
∂t
+ t
∂
∂λk
)
−
∑
i,j
ǫijk
(
λi
∂
∂λj
− xj
∂
∂xi
)
,
Γk =
∑
i,j
|ǫijk|X
ij =
∑
i,j
|ǫijk|
(
xi
∂
∂λj
+ λj
∂
∂xi
)
, (i, j, k = 1, 2, 3)
Rk =
∑
i,j
ǫijkX
ij =
∑
i,j
ǫijk
(
λi
∂
∂λj
+ xi
∂
∂xj
)
,
Φk = Xkk =
(
xk
∂
∂λk
+ λk
∂
∂xk
)
−
1
3
∑
i
(
xi
∂
∂λi
+ λi
∂
∂xi
)
.
(18)
If we denote corresponding group parameters by θk, βk, γk, ρk and ϕk, then in the new basis the
transformations matrix (3) can be written as:
 B(ρ)−B(β) −2β M(γ, ϕ) − 3B(θ)−2βT 0 2θT
M(γ, ϕ) − 3B(θ) 2θ B(ρ) +B(β)

 = θkΘk + βkBk + γkΓk + ρkRk + ϕkΦk . (19)
In this expression
β =
(
β1 β2 β3
)T
, θ =
(
θ1 θ2 θ3
)T
, (20)
are the column vectors, the 3 × 3 matrices B correspond to the SO(3) group generators, as in (7), and M
has the form:
M(γ, ϕ) =
1
3

−2ϕ1 + ϕ2 + ϕ3 −3γ3 −3γ2−3γ3 ϕ1 − 2ϕ2 + ϕ3 −3γ1
−3γ2 −3γ1 ϕ1 + ϕ2 − 2ϕ3

 . (21)
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Then infinitesimal transformations of coordinates of the 7-space (14) can be written in the form:
λ′k = λk +
∑
i,j
ǫijk
(
βi − ρi
)
λj − 2βkt−
∑
i,j
(
ǫijkθ
i + |ǫijk| γ
i
)
xj −
(
ϕk −
1
3
∑
i
ϕi
)
xk ,
t′ = t+ 2
∑
i
(
βiλ
i + θix
i
)
,
x′k = xk −
∑
i,j
ǫijk
(
βi + ρi
)
xj + 2θkt+
∑
i,j
(
ǫijkθ
i − |ǫijk| γ
i
)
λj −
(
ϕk −
1
3
∑
i
ϕi
)
λk .
(22)
If we exponentiate the generator matrices (19) separately for each five group parameters, ρk, βk, θk, ϕk
and γk, we will get finite group transformations with either trigonometric or hyperbolic functions. We have
two classes of compact rotations by the angles ρk and βk, 6 rotations in total. Also there are three types
of boost-like GNC2 -transformations generated by the angles θk, ϕk and γk, 8 boosts in total because of the
constraint (2), which in our basis is ∑
k
Φk = 0 , (23)
implying only two boost-type φk-transformation are linearly independent.
• Rotations. The 3 parameters ρk (corresponding to the generators Rk), out of 14 of G
NC
2
transforma-
tions, are compact 3-angles that simultaneously rotate the spatial and time-like coordinates xi and λi
around k-th axis (k 6= i) within each of these 3-spaces. For example, the finite transformations for R1
are:
λ′1 = λ1 , λ
′
2 = λ2 cos ρ1 + λ3 sin ρ1 , λ
′
3 = λ3 cos ρ1 − λ2 sin ρ1 ,
t′ = t ,
x′1 = x1 , x
′
2 = x2 cos ρ1 + x3 sin ρ1 , x
′
3 = x3 cos ρ1 − x2 sin ρ1 .
(24)
The parameters βk (generators Bk) also are compact 3-angles that rotate xi and λi 3-spaces, but in
addition generate simultaneous rotations with the double angle 2βk in time-like 4-space of t and λk.
For example, the finite transformations for B1 are:
λ′1 = λ1 cos (2β1)− t sin (2β1) , λ
′
2 = λ2 cos β1 − λ3 sin β1 , λ
′
3 = λ3 cosβ1 + λ2 sin β1 ,
t′ = t cos (2β1) + λ1 sin (2β1) ,
x′1 = x1 , x
′
2 = x2 cos β1 + x3 sinβ1 , x
′
3 = x3 cos β1 − x2 sin β1 .
(25)
• Boosts. The parameters θk (generators Θk) of G
NC
2
are hyperbolic 3-angles of rotation between t and
xk, which in fact are Lorentz boost with the double angle 2θk. However, these transformations are not
pure Lorentz boosts because they also generate hyperbolic rotations by the angles θk between λi and
xj (i 6= j 6= k). For demonstrating this let us write out finite transformations for θ1:
λ′1 = λ1 , λ
′
2 = λ2 cosh θ1 + x3 sinh θ1 , λ
′
3 = λ3 cosh θ1 − x2 sinh θ1 ,
t′ = t cosh (2θ1) + x1 sinh (2θ1) ,
x′1 = x1 cosh (2θ1) + t sinh (2θ1) , x
′
2 = x2 cosh θ1 − λ3 sinh θ1 , x
′
3 = x3 cosh θ1 + λ2 sinh θ1 .
(26)
We get ordinary Lorentz boosts when x2 = x3 = λ2 = λ3 = 0.
Another boost-like GNC
2
-transformations are done by the generators Γk with the hyperbolic 3-angles
γk. For example, the finite transformations for Γ1 are:
λ′1 = λ1 , λ
′
2 = λ2 cosh γ1 − x3 sinh γ1 , λ
′
3 = λ3 cosh γ1 − x2 sinh γ1 ,
t′ = t ,
x′1 = x1 , x
′
2 = x2 cosh γ1 − λ3 sinh γ1 , x
′
3 = x3 cosh γ1 − λ2 sinh γ1 .
(27)
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The last class of hyperbolic rotations between regular space coordinates xk and extra time-like coordi-
nates λk are done by the angles ϕk. They generate specific diagonal boosts of the spatial coordinates
xk towards the corresponding λk. For example, the finite boost generated by Φ1 are:
λ′1 = λ1 cosh
(
2
3
ϕ1
)
− x1 sinh
(
2
3
ϕ1
)
,
λ′2 = λ2 cosh
(
1
3
ϕ1
)
+ x2 sinh
(
1
3
ϕ1
)
,
λ′3 = λ3 cosh
(
1
3
ϕ1
)
+ x3 sinh
(
1
3
ϕ1
)
,
t′ = t ,
x′1 = x1 cosh
(
2
3
ϕ1
)
− λ1 sinh
(
2
3
ϕ1
)
,
x′2 = x2 cosh
(
1
3
ϕ1
)
+ λ2 sinh
(
1
3
ϕ1
)
,
x′3 = x3 cosh
(
1
3
ϕ1
)
+ λ3 sinh
(
1
3
ϕ1
)
.
(28)
We notice that if we assume that ϕk = 0 and consider only the transformation rules of the Minkowski
space-time coordinates, xk and t, then (22) will imitate the ordinary infinitesimal Poincare´ transformations,
x′k = xk −
∑
i,j
εkijα
ixj + φkt+ ak , t
′ = t+
∑
i
φix
i + a0 , (29)
where for the convenience we have introduced the new angles,
αi = βi + ρi , φk = 2θk . (30)
In (29) the parameters for space-time ’translations’,
ak =
∑
i,j
(
ǫijkθ
i − |ǫijk| γ
i
)
λj , a0 = 2
∑
i
βiλ
i , (31)
are represented by the GNC2 -rotations into the extra time-like directions λk. So in the language of octonionic
geometry [1–5], any translation in ordinary space-time is generated by the boosts with λk. Time translations
a0 are smooth, since βk are compact angles. However, the angles θk and γk are hyperbolic and for any
spatial translation ak there exists a horizon (analogue to the Rindler horizon). Also, unlike the translations
of Poincare´ group, the ’GNC
2
-translations’ are rotations and thus are non-commutative. For example, com-
mutator between different spatial ’translations’ (31) generated by the rotations with the angles γi produce
rotation generators,
[Γi,Γj ] = −ǫijkR
k . (32)
Limits on the parameter of the non-commutativity of coordinates, [xi, xj ] < 10
−8 Gev−2 [7], in the theories
with non-commutative coordinates [8, 9], put restrictions on the values of [ai, aj ], i.e. on the intervals of
change of the extra time-like coordinates ∆λk < 10
−4 Gev−1.
Now let us calculate the Casimir operator of GNC2 in our basis and compare it with the Casimirs that
are relevant for the Minkowski space-time. Casimir invariants are of primordial importance for a physical
model, since they allow us to label the irreducible representations. Eigenvalues of Casimir operators often
represent significant dynamical physical quantities, such as angular momentum, elementary particle mass
and spin, Hamiltonians of various physical systems etc [10,11].
The rank-2 exceptional Cartan’s group G2 has second and sixths order Casimir operators [12]. In Cartan’s
basis (1) the second order Casimir of GNC2 has the form:
C2 = 2XijX
ij −
2
3
(
Xk0X
0k +X0kX
k0
)
, (33)
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which in our basis (18) translates as
C2 =
∑
k
(
1
3
Θ2k −
1
3
B2k + Γ
2
k −R
2
k + 2Φ
2
k
)
=
= 6
[
t
∂
∂t
+
∑
k
(
λk
∂
∂λk
+ xk
∂
∂xk
)]
+ x2
∂2
∂t2
+
∑
k
t2
∂2
∂x2k
+ 2t
∑
k
xk
∂2
∂t∂xk
+
+
∑
i,j,k
|ǫijk|
(
xixj
∂2
∂xi∂xj
− x2i
∂2
∂x2j
)
− λ2
(
∂2
∂t2
−
∑
k
∂2
∂x2k
)
−
∑
k
(
t2 − x2
) ∂2
∂λ2k
+
+ 2t
∑
k
λk
∂2
∂t∂λk
+
∑
i,j
2
3
λixj
∂2
∂λi∂xj
+
∑
i,j,k
|ǫijk|
(
λiλj
∂
∂λi∂λj
− λ2i
∂
∂λ2j
)
.
(34)
We note that the first order operator in the first term,
c1 = t
∂
∂t
+
∑
k
(
λk
∂
∂λk
+ xk
∂
∂xk
)
, (35)
itself commutes with all GNC
2
generators (18), therefore putting any other constant coefficient before it in
(34) will not change the Casimir operators property of commuting with all generators. For the convenience
we will assume the coefficient in front of the operator (35) in (34) to be 3 instead of 6. Then for the case of
the constant extra time-like coordinates, λk = const, i.e. when derivatives with the respect of λk vanish, we
find that (34) can be expressed as a sum of the second order Casimir operators of the Lorentz group [13],
CL = 3
(
t
∂
∂t
+
∑
k
xk
∂
∂xk
)
+ x2
∂2
∂t2
+
∑
k
t2
∂2
∂x2k
+
+ 2t
∑
k
xk
∂2
∂t∂xk
+
∑
i,j,k
|ǫijk|
(
xixj
∂2
∂xi∂xj
− x2i
∂2
∂x2j
)
,
(36)
and of the Poincare´ group [13],
CP =
∂2
∂t2
−
∑
k
∂2
∂x2k
, (37)
in the form:
C2 = CL − λ
2CP . (38)
This shows that, if one does not consider transformations with extra time-like coordinates λk, the geometrical
interpretation of the group GNC2 is consistent with the main properties of the Minkowski space-time.
To conclude, we have considered geometrical applications of Cartan’s smallest non-compact exceptional
Lie group, GNC2 . This group generates specific rotations of the (3+4)-space with the ordinary Minkowski and
three extra time-like coordinates. It is shown that in some limiting cases GNC2 -rotations imitate standard
Poincare´ transformations. In this picture space-time translations are non-commutative and are represented
by the rotations towards the extra time-like coordinates. The second order Casimir operator of GNC2 in
Minkowski-like basis is found and it is shown that in the case of constant extra dimensions it can be expressed
by the Casimir operators of the Lorentz and Poincare´ groups.
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